Abstract: This paper presents actuator models for fluidic thrust vectoring and circulation control and they are used in the design of a robust controller for an unmanned air vehicle. The pitching and rolling moments for the aircraft are produced through the use of a co-flow fluidic thrust vectoring arrangement at the wing trailing edges. Experimental results for the co-flow actuators are used to derive mathematical models and their performance is compared with conventional control surfaces. For the controller design, nonlinear dynamic models are approximated by a simplified linear parameter varying (LPV) model. The polytopic nature of the controller is exploited to reformulate the LPV controller design problem into a m-synthesis problem. The LPV controllers exhibit superior stability properties over the entire operating region, when compared to conventional gain-scheduling schemes.
INTRODUCTION
Thrust vectoring (TV) has found increasing applications in recent years on aircraft, mostly as an augmentation to conventional control surfaces (see for example [1] [2] [3] ). Apart from post-stall manoeuvring, advantages of TV include reduced tail area and enhanced stealth, improved low-speed engine-out recoverability, and increased departure resistance [4] . The traditional approach to TV relies on the alteration of the physical boundary conditions of the jet. This is achieved either through external TV, where paddles outside the engine exhaust are used to deflect the exhaust stream, or through internal TV, where a gimballed nozzle is used to deflect the thrust [5] . While traditional TV has found use on various military aircraft, alternate means of TV, namely fluidic thrust vectoring (FTV) and circulation control (CC), have also gained attention in recent years. In contrast to external and internal TV, FTV and CC modify the jet boundary conditions with the reaction surfaces being fixed. Both techniques use the phenomenon of Coanda jet attachment to convexly curved surfaces to enable either efficient control of a primary jet using a secondary jet (FTV) or to eject a tangential jet over a rounded trailing edge for boundary layer control (CC) [6] (see Figs 1 and 2) . Some of the approaches to FTV include the shock thrust vector control method [7] and fluidic throat skewing [8] for supersonic jets, the counterflow technique for both subsonic and supersonic jets [9] and co-flow technique for subsonic jets [10] : the reader is referred to reference [11] for a more detailed account of FTV techniques. The co-flow technique in particular is actively explored for use in subsonic aircraft because of its ease of implementation and effectiveness. This paper attempts to gain insight into the effectiveness of co-flow TV for a subsonic unmanned air vehicle (UAV) through mathematical modelling and robust controller design.
Although fluidic TV is effective, the associated complexity of its dynamics leads to modelling uncertainties. As a result, any controller designed using TV inputs should be robust to modelling uncertainties. In this context, H ' control and msynthesis offer natural means for achieving robust stability and robust performance [12, 13] . Conventional gain-scheduling approaches for H ' controllers rely on interpolation of individual controllers over the operating region and as a result cannot guarantee stability and performance during transition. In contrast, continuous gain-scheduling, based on an LPV model of the plant, ensures smooth transition and guaranteed stability and performance over the entire-operating region. Over the years, various approaches have been proposed for linear parameter varying (LPV) controller design. In reference [14] , a modification of the scaled small-gain theorem is used to find a parameter-varying controller for plants that can be expressed in linear fractional transformation (LFT) form. A single quadratic Lyapunov function that accounts for stability and performance over all possible variations of plant parameters is used in reference [15] for the construction of an LPV controller. The derivation in reference [15] is extended in reference [16] using the bounded real lemma formulation of H ' performance. Linear fractional representations are also employed in reference [17] for the design of robustly stabilizing controllers using unstructured scaling matrices at different vertices of the parameter polytope. Recently, quadratic LFT Lyapunov functions and full-block multipliers have been used in reference [18] for LPV controller design. The main disadvantage of the above methods is the requirement to solve linear matrix inequality (LMI)s which can be time-consuming. In contrast, the approach presented in this paper uses m synthesis for the LPV controller design, with FTV and CC as control inputs. The scheduling parameter (total velocity, as discussed below) is assumed to vary in a polytopic fashion to simplify the design procedure.
An associated issue and not insignificant in the design of LPV controllers is the required LPV modelling of linear plants [19, 20] . Aircraft dynamics are a function of various parameters, including angle of attack, altitude, and total velocity. However, for the class of UAVs considered in this paper, density changes are negligible and as a result, only total velocity is assumed to vary. In order to make the problem of LPV control more tractable, the LPV modelling in this paper is based on simplified UAV dynamics through approximations in the derivation of stability and control derivatives.
This paper is organized as follows. Section 1 deals with the modelling of FTV and CC actuators for UAVs. A comparison of FTV and CC with conventional control surfaces is presented in section 2. Section 3 details the design of a robust LPV controller using m synthesis. Section 4 gives an analysis of the closed-loop system. Section 5 concludes the paper with the review of the main results.
FTV AND CC MODELLING
As a part of a BAE Systems/EPSRC programme of research in aeronautical engineering called FLAVIIR (Flapless Air Vehicle Integrated Industrial Research), a demonstrator UAV called DEMON is being built to test, among other things, FTV and CC technologies. Table 1 shows the main physical parameters of the vehicle.
The co-flow FTV technique illustrated in Fig. 1 is used in DEMON, where the tangential injection of secondary air jets around primary jet results in thrust vectoring. Figure 2 shows the CC arrangement where thrust vectoring is achieved through the Coanda jet attachment over curved surfaces. It should be noted that the FTV arrangement described above can be used to achieve moderate thrust vectoring performance only for low subsonic primary exhaust jet Mach numbers. For high primary exhaust jet Mach numbers, supersonic secondary flow is required for adequate control effectiveness [10] . In the case of DEMON, co-flow arrangement is still useful, since the cruise speed range is 22-72 m/s. While pitching moment is generated through the use of FTV, rolling moment is generated through the asymmetric deflection of primary exhaust jet along the trailing edges of the wing through CC. Rudder is used for producing yawing moment. More details about the thrust vectoring arrangements for DEMON can be found in reference [21] . The general equations of motion for the longitudinal dynamics of DEMON are given by where u is the velocity along the x-axis of the bodyaxes coordinate system, w is the velocity along the zaxis of the body-axes coordinate system, h is the pitch attitude, q is the pitch rate, and d f is the thrust vector angle. X df , Z df , and M df are the axial force, normal force, and pitching moment control coefficients with respect to the thrust vector angle that will be derived in this paper.
Let Ṁ s be the rate of secondary jet momentum flowrate and F z be the normal force developed by the nozzle. Then F z is related to Ṁ s through a simple gain term: F z 5 G TV Ṁ s . The constant of proportionality, G TV , is found from experiments to be < 3 [21] . The blowing coefficient C m is defined as the ratio of secondary jet momentum to total jet momentum. Thus
where Ṁ p is the flowrate of primary exhaust jet momentum. The thrust vectoring angle is then proportional to the blowing coefficient through the constant of proportionality
Note that Ṁ p is a function of throttle setting. Thus the thrust vectoring angle can be obtained from the blowing coefficient, and vice versa, through a simple gain factor. The normalized force coefficients, denoted by C Fi , where i 5 x, y, z corresponding to the X, Y, and Z axes in the body-axes coordinate system are given by Figure 3 shows the variation of C Fx and C Fz with blowing coefficient, obtained from experiments [21] .
As the results are expressed in terms of force coefficients, it is important to convert them into forces along their respective axes, i.e. the C Fi are converted into F i in order to use them in the control derivative form in equation (1). From equations (2) and (3), it is obvious that either Ṁ p or Ṁ s is required to calculate F i . The primary jet momentum flowrate is given as
where p atm is the atmospheric pressure, A is the nozzle cross-sectional area, and c is the ratio of specific heats. The experiments were conducted at an exhaust jet temperature of 600uC and values of M p (primary jet Mach number) ranging from 0.14 to 0.33. Thus the value of c is 1.346. For values of p atm 5 101325 Pa, A 5 0.0012 m 2 , and for an average value of M p 5 0.226 it is found that Ṁ p 5 30.84N.
From the plots, and using the results of the preceding discussion, the variations of F x and F z with respect to d f are found to be F xd f{ 0:03166 N=deg, F zd f~{ 0:01516 N=deg. The control derivatives in equation (1) are then obtained from force derivatives using the following formulae
where r 1000 is the density at 1000 m, the altitude at which the aircraft is assumed to cruise, V is the trim velocity at which the control derivatives are evaluated, m is the mass of the aircraft, and r is the density on the ground, where the experiments were conducted. V e is the velocity at the experimental conditions, V e 5 76.9 m/s. At V 5 22 m/s, the value of X df 5 20.0035 m s 22 /rad, while that of Z df 5 20.00162 m s 22 /rad. The moment arm from the FTV application point to the centre of gravity of the aircraft is 96.2 per cent of the mean geometric chord, or 1.29 m. Using this value of moment arm, the moment derivative is calculated to be M df 5 20.000612 s 22 /rad.
The lateral dynamics of aircraft with CC are represented as where v is the perturbed velocity along the body yaxis, p is the roll rate, r is the yaw rate, and Q is the roll angle. d c is the deflection of the CC jet. The sideforce coefficient y dc is negligible, as the major source of side-force is the rudder. Hence, this paper will not detail the derivation of y dc . Again, data from experimental results are used for the calculation of the other control derivatives. Figure 4 shows the variation of the rolling moment coefficient, C l with the blowing coefficient at different angles of attack. The value of l dc is then calculated to be 5.3. A similar approach is used for the calculation of the yawing moment coefficient and side-force coefficient. Figure 5 shows the variation of the yawing moment coefficient C n with c m at different angles of attack, as determined from experiments. The highly non-linear dependence of the yawing moment coefficient on the blowing coefficient means that the value of c nm changes with both angle of attack and blowing coefficient. However, approximating the slope around the nominal blowing coefficient of 0.0005, for small deflections, it is found that the average value of c nm is 0.0083 or l dc 5 0.7149.
PERFORMANCE COMPARISON OF FTV AND CC ACTUATORS WITH CONVENTIONAL CONTROL SURFACES
The preceding section explained the means of producing pitching and rolling moments using coflow techniques and also presented the calculation of control derivatives. However, it is important to know the characteristics of FTV performance in comparison with those of conventional elevators and ailerons in order to design an effective flight control system. Figure 6 shows a comparison of the Z-force derivative with respect to the DEMON's elevator and FTV at different trim speeds. As can be seen, the variation of lift with unit deflection of elevator is higher than that caused by thrust vectoring. The disparity in absolute magnitude increases with trim velocity (Z 
A comparison of rolling moment derivatives and yawing moment derivatives, as shown in Fig. 7 also reveals that the CC performance is poorer than the DEMON's aileron. More precisely, averaging over the cruise speed range of 22 to 72 m/s, CC is 27 per cent less effective than the aileron in the generation of rolling moments and for yawing moments CC is 50 per cent less effective. An important fact to note is that the ratio of yawing moment to rolling moment from CC is 10 per cent, whereas it is 16 per cent for the aileron. This is advantageous since the aircraft yaws against the turn and smaller the yawing moment, smaller the rudder correction required.
DESIGN OF A ROBUST LONGITUDINAL CONTROLLER WITH FTV
This section presents the design of LPV controllers for DEMON. Owing to space limitations, only the detailed flight control system design for the longitudinal dynamics is presented. Lateral flight control system design with CC follows similarly. Figure 8 shows the closed-loop configuration for longitudinal
where h is the altitude and V T is the total velocity. While the derivatives vary in both linear and quadratic fashion as a function of velocity, only the linear dependence is used to make the problem simple and tractable. Also, the coefficients that most influence the dynamics are found by fixing all other coefficients in equation (6) at their average values, while in turn varying one coefficient over its entire range. The frequency and time responses of the model can then be analysed at various trim velocities to determine how a particular coefficient influences the dynamic characteristics. Proceeding in this way, it is determined that the coefficients X q , Z h , Z q , M u , Z de , and M de are the most significant ones in the sense that any variation in these coefficients would introduce large changes in the model response. The coefficients that most influence the dynamics of the UAV are found by fixing all coefficients in equation (6) at their average values, while in turn varying each coefficient over its entire range. The frequency and time responses of the model are then analysed at various trim velocities to determine how a particular coefficient influences the dynamic characteristics. Proceeding in this way, it is determined that the coefficients X q , Z h , Z q , M u , Z de , and M de are the most significant ones in the sense that any variation in these coefficients would introduce large changes in the model response. This is expected, since any variation in X q and Z h mainly affects the phugoid damping and variation in Z q affects the damping and frequency of the phugoid mode. Variation in M u affects primarily the short period frequency and variations in Z de and M de mainly affect the amplitude of the dynamic response of the aircraft. Figures 9 to 
Also note that the plant matrix P is of polytopic nature, i.e. assuming the time-varying parameter V can be expressed in terms of its vertices as V 5 a 1 22 + a 2 72, with a 1 , a 2 > 0 and a 1 + a 2 5 1, P(V) can also be expressed in terms of its vertices as P(V) 5 a 1 P(22) + a 2 P(72). The unstructured input multiplicative uncertainty WD 1 , with W~4 sz6 sz40 and ||D 1 || ' ( 1 in Fig. 8 helps in incorporating uncertainties that arise from the approximation of the stability and control derivatives in A(V) with their average values. M is the matching model, which the closedloop system is expected to match. The reference model M is chosen to be of diagonal form to achieve decoupling between height and total speed responses A damping ratio of 1 and undamped natural frequency of 10 rad/s are chosen for the matching model. Unity d.c. gain is required for zero steady state error to step inputs, while damping and frequency of M are dictated by the level 1 handling quality requirements for full-scale aircraft. It is to be noted that such handling quality requirements are taken as benchmark in the absence of any specifications for the DEMON UAV. P(V) is the plant model which varies linearly with trim velocity V. w g is the vertical gust obtained as the output of the Dryden model (the input to which is white noise). d is the output disturbance. The choice of weights W 1 and W 2 is problem dependent and requires elaborate tuning to achieve prescribed closed-loop specifications. The general rules for choosing the weighting functions are outlined below. The reference inputs and gust disturbances are mainly composed of lowfrequency signals. As a result, disturbance rejection and matching of outputs to reference inputs can be achieved by choosing a low pass filter for W 1 . On the contrary, sensor noise and plant uncertainties are high-frequency phenomena, and high pass filters are chosen for W 2 to achieve sensor noise rejection and robustness. The final choice of W 1 and W 2 are A band-filter is chosen for the pitch rate channel in W 1 , for rejection of disturbance and cross-coupling effects on the pitch rate response. The low pass filters on the height and total velocity channels in W 1 reflect the requirement of keeping the error between closed-loop and matching model responses low at low frequencies. In contrast, the weights on the FTV and throttle actuator channels are high pass in order to allow low-frequency control effort.
As the LPV system considered in this paper is polytopic, the LPV controller can also be chosen as a polytopic controller of the form
where K 1 and K 2 are the controllers designed at the vertices of the velocity polytope, i.e. at 22 and 72 m/ s. a 1 and a 2 are the solutions of the convex decomposition problem
or in the present case,
À Á . In fact, this polytopic nature of the plant and controller is exploited in literature to reduce infinite number of constraints imposed by the LMIs arising out of the quadratic H ' performance condition to a finite set of LMIs (e.g. reference [16] ). However, the complexity of the solution of the LMIs is a disadvantage. In this paper, m synthesis is used for the design of LPV polytopic controllers that can be described by equation (7) . In order to express the frequency requirements described above in a more concise form, the closed-loop system in Fig. 8 is recast in the form of Fig. 12 . The generalized plant G now contains the plant P along with the various weighting functions in Fig. 8 . D represents the uncertainty, collected together from the closed-loop interconnection in Fig. 10 and has the form D 5 diag(aI 11 , D i ). The closed-loop system in Fig. 12 is said to be stable and satisfy robust performance if and only if
K is thus the controller designed to satisfy the performance specification IT zw I ' , 1, where T zw is the closed-loop transfer function from w~tr w g s ' to the performance outputs z 5 [z 1 z 2 ]9 along all variations of V.
CLOSED-LOOP ANALYSIS
The controller K designed using Robust Control Toolbox v6.2 in MATLABH v7.0, is composed of two constituent controllers, namely K 1 obtained by making a 5 21 and K 2 obtained by making a 5 1. The robustness of the controller to perturbations is assessed using m bounds. The controller guarantees robust performance for the closed-loop system in Fig. 12 if and only if the following condition is satisfied sup Step response to a unit height demand trollers K 1 and K 2 are guaranteed automatically. In fact, this can also be seen in the closed-loop responses to a unit step demand in the height channel, shown in Fig. 15 . The steady state error is negligible and represents marked improvement with the slow responses of Figs 9, 10, and 11. It should also be noted that the level of decoupling between height and total velocity responses, as measured from the ratio of total velocity to height, varies only marginally from 0.46 at 22 m/s to 0.5 at 72 m/s. Such consistency in decoupling is particularly important for a remotely operated UAV since change in height should not impact the speed of the vehicle. Also, the settling time on all the output channels is of the order of 5 s, which indicates that the controller with FTV and throttle inputs is successful in achieving good handling qualities.
CONCLUSIONS
Mathematical models of FTV actuators have been derived using experimental data. The models were then used in the design of a flight control system for the longitudinal dynamics. It was shown that m synthesis can be used to design robust LPV controllers by representing the plant in an LFT form. The LPV controller designed using FTV and the throttle as control inputs resulted in satisfactory closed-loop performance with guaranteed stability over the entire cruise speed range. The proposed approach is considerably simpler than existing techniques for LPV controller design and can prove useful for the practising flight control engineer. A comparative performance analysis of both FTV and CC illustrated the slight superiority of conventional control surfaces. This can, however, be rectified through the use of powerful onboard sources of secondary jet and remains an area of future research. 
